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ULLETIN OF
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MATHE/%%}\%\E[, ql AP YSICS

DELAYED ADSORPTION AND DIFFUSION IN
COLLOIDAL MEDIA

Herman Branson
Howard University, Washington, D. C.

The behavior of the diffusion coefficient of a solute which cap be ad-
sorhe a colloid, only ajter the colloid has aggreqated to. a cergain size
IS deduced on the hasis. o a few .assumpgions.”=Some relations of such a
mechanism to cell reactions are indicated.

A type of reaction plausible in cell behavior js one in_which two
or more substances may be released under a stimulus. This paper
consiclers such a release with two substances one of which can aggre-
gﬁ\te into larger micelles and upon reachm? an optimum size adsorbs

e second substance, which, we call the sofute. After: this initial ad-
sorption we may consider either no further aggregation and adsorp-
tion or further ag%regétlon with adsorption as eing the possibilities
of greatest inter&st, “For oyr purposes the significant point is what
efféct these alternative possibilities have upon the diffusion coefficient
of the solute. In addition, we indicate how this mechanism may be
used to interpret certain reactions in a cell, e.g. reactions which begin
at a certain rate, proceed at that rate for some time, and then fall*to
a minimum.

... The aggregation of the colloid particles is assumed to take place
in‘the following chain:

+ui->n2,
n2-r NX->n3,

where nmis the size at which adsorPnon of the solute occurs, This
chain expresses the assumption, that a higher a(?gregate IS formed
from the next lower, br¥ the adjoining of @ simplé micelle, in short
there 1S no aggregation of higher aggregates with each other. We
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132 DIFFUSION IN COLLOIDAL MEDIA

shall consider first the mechanism_which allows no aggregation after
adsorption. The differential equations for this chain are

(i\l’:X_ kxM2  k2MM Jami MxMm1y

2R ow g
dne_ 2)

—= kexnxn.. - kenxne,

dnm

~dt: mk m-x Mx 1¢

n makjn the iubstittlgtion nxd t = d x these equations are trans-
ormed Into the linear forms

dnx
dx ,

392— K2 nx—k2n2, (3)

Ot Mk

The characteristic equation of this set is
A+ k2 K ..o kmi 0
X 0 0

0 k2 X+Kk3..

A simple relationship is found between the determinants of each or-
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der. Consider for 3 we have
k+ kx k2

Dl(A): 2 A+ A/\

observe that
Da(A)= (A+ &)D2(A) +h hh .t
and in general
ek

I'tlA) - (Al 2 ©)

Inasmuch as we shall not treat the general case, except to observe
that the ph 3|cal conclusions will probably not be much different for

large value mye can state that in order to be physically mean-
ingtul the squt|ons of equation (3)

o k—  ex¥ (8)
satisfy the boundary conditions at all values of time
4 knk=n

Since xand not time_occurs in equation [(:6) we see that it is not nec-
essary that the r?]al art ofthe Abe ne ative. rom the mmg)d
tion Tor. x, we have x — X0, a0 finite, nx _ 0, then t(x

an |nf|n|te time is required for all the nxto disappear even though the

X0is fi
ﬂ tehe mformatlon needed for our purPose can be had from a
detailed treatment of the set for hat is there will be an
gPregate of three colloid nEarhcles built up before adsorption of the
Ute occurs. The proble |mmed|atelr)]/ ggested is the relative be-
haV|or of nxand This behavior can be obtained from the integr:
curves. Using the notation of L. R. Ford (1933),

an nx+ k2
dnl kxnxt A2 ih (7)
A= (kxt M)2-

Since A +  k2¥0, the integral curves are not conics.
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For
il 1 ilhe N2 A

A (TCJ'Zf%)i y1l )

the integral curves are shown in Figure 1

where

Figure 1

. These solutions are physically well-behaved in that all show that

either nx disappears beforé n2 of they disappear together. But the
presence of nafter the d|sa§Jpearance of , makes it impossible
all of nZo be transformed into n3. Thus for the simple case of a*,
n2 a3 ,we can expect as  resultant state only a3or a mixture of n2
and ns. The firstwill result if . _ k2> and
termined by the reaction, hence in a specific experiment we can ex-
aming the groducts pr?sent after sufficient time which will decide
whether n2and a3or only a3remains. S

. An alternative treatment of the integral curves which is imme-
diately applicable to the general case has heen su%ges_ted in a letter

by Dr. A.'S. Householder. From the conditions, the inteqral curves

I the n2, ntplane are confined to the region bounded by the coordi-
nate axes and the line nx + 2 . n2—a0, Since da,
and n2not both zero, the integral curve can ¢ross the n2axis (a, = 0). |
While for n& 0, Unless n1= 0 simultaneously, the Integral curve |
directed into the region. The scalar product of the vector with the

N
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normal is —3kx2 which is always negative for > 0. Initjally
n2= 0and nx= n0, thus the curte begins at the intersection of the
line nx+ 2n2= n0and the nxaxis; the integral curve Is tangent to the
line and directed upward from the nxaxis. As n2builds up the inte-
gral curve turns inward away from the line nx+ 2n2= n0.

The general set is treated in the same manner. Here the integral
curves are confined to the region bounded by the m—l coordinate

hyper-planes and the hyper-plane?l' hn\ —na The integral curve can

cross the hyper-plane nx— 0 for always dnjdx < 0. But when nk
—0, k T dnkidx = kkxnkx> 0 unless nkt is also 0; but if nkx s
0, dn”/dx, > 0, etc., until we meet an nr”* 0. Hence if any nk,
k¥=1 approaches zero the integral curve turns toward a region Where
the nkis increasing. Finally the scalar product of the tangent and the
outward normal IS —m—_ " nmxwhich Qomﬁletes the proof that
for a finite x , but an infinite t, nxvanishes in the general case; and
although some of the other n’s may vanish simultaneously with nx,

they cannot vanish ahead of . O
The solutions of the set satisfying the boundary conditions

nx+ 2n2+ Sn3= n0,

and at x = 0, nx= nOwhere n0is the initial number of simple colloid
particles, are

n r
h-Xq
AN ALY (A2 M)
"2 B A)

L (A + ) (12+ &)
——=1+""xAp-p)

3(A + 1) (& + f6) ol
KA lee
i+ k) +

where

The relation between xad 1S »i
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where x = 0 when t = (. Before the integration can be performed
the upper limit must e fixed. Calling this upper limit x and recalling
that we are concerned about the value of the time from the begmmn%
of the reaction until the appearance of the first particle capable g
adsorbing a solute P_a_rtlcle, Wwe have on introducing  —_.1Into (9)
and calling the coefficients of exponentials a and p Tespectively

fto= 1+ aedX—ftex:. (10)
This equation cannot be solved explicitly for x. Making the substi-

tutions
Vi—aexx+ 1- 3/n0,
y2—P ekX,

we can solve graphically if we have numerical values for a, p, and
70. Takln[(g nQ="1000,’k2= 4 kx= 4 k then A= k2 N = —4k,
= and we find a= —555, p= 3.75. Substituting these
values we have x = 0.48/A;

T~ 1000\] 5-3 N X

where t s the time required for the first n®to appear.in the system.
Integrating numerically by using Simpson's rule, we find

T= 48.18/1000 k  secs. (11)

Our analysis culminating in (11) can be summarized: when the
agglreﬂatmn takes place according to FB) with m'= 3, at the end of
481871000 Ic secs, the particles capable of adsorbing solute Parncles
a_pFear In the system. Before their agﬁearan,ce the other colloid par-
ticles would have negligible effect upon the diffusion coefficient of the
solute. After_their “appearance, however, they would act to reduce
the value of D according to J. Reiner's curve” (1939). The effect is
shown In Figure 2a. If’the aggregation continues with the number

of adsorbed Solute particles afunction of the surface area as in an

Figure 2
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earlier (ﬁ)aﬁer_ H. Branson, 1942), we would have the variation rep-
resented 1 Figure 2b. _ _ _

In order for the mechanism to be applicable to_cellular reactions,
thas to be in general small, except for some reactions where it may
be of the orderof a second. . From f%)_hyswal considerations we see that
Ais a function of the diffusion coefficient and the radius of the aggre-
(I;at_mg particles; M. V. Smoluchowski (1918) found for a colloid so-
ution k = 4 ntD. Introdycing values ?Zwen In that paper from
Zsigmondy’s experiments we have k * 10 Rand t 1020 secs. Thus
unless the diffusion coefficient within the cell is considerably Iar?er
than in solution, this reaction glves_ an inordinately long time for the
be?lnnln of the decrease In the diffusion coefficiént. More plausib]
values of r can be obtained by considering n0to be much Iarger_ in
I§10). Raising n0to 107 causes practically 1o change in x, and fakin

c0 10"6¢cm then for D of the order of 103 r will Be of the order of

hundredth of a second. This is not an_unreasonable value of D for
aggr%%anons where the binding energy is large. _

e author wishes to express his ‘thanks to the Julius Rosenwald
Fund for a grant which supported the initial steps in this ?roblem.
His thanks are again extended to Prof. N, Rasheysky and the Uni-
versity of Chicago group of mathematical biophysicists, especially Dr.
A. S."Householder, for " discussions and suggestions.
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